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Abstract – An analytical function for the imaginary part of the dielectic constant of microcrystalline silicon is proposed. The 
function consists of a sum of Lorentz oscillators with Gaussian broadening, and is based on literature data. The real part is 
numerically obtained by Kramers-Kronig integration. The physical significance of the results is discussed. It is shown that 
the choice of the minimization procedure may affect the spectral region (low or high absorption) where the accuracy of the fit 
is optimized. The impact on computed Transmittance data shows the limits of acceptability for the errors in the fit.   
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1. Introduction 
The dielectric constant of fine grained (FG) microcrystal-
line silicon was published by Jellison and coworkers in 
1993 [1]. Since then, such function was applied to the 
analysis of silicon thin films in hundreds of publications and 
it is worldwide applied to a variety of topics, such as thin 
film and heterojunction solar cells, [2,3], the amorphous to 
crystalline transition [4], silicon nanowires [5], cells for 
automotive [6], ferroelectrics [7], imaging ellipsometry [8], 
silicon-carbon alloys [9], and many others. The function is 
available in a numerical form [10]. 

More recently, silicon nanocrystals have attracted in-
terest because of quantum confinement inherent in their low 
dimensions [11,12]. The property is considered promising 
in photovoltaics [13-15] and in general in electronic appli-
cations of nanostructured materials [16-19]. 

The optical properties of nanocrystalline silicon are 
presently subject of intense investigation [20-29]. It would 
be of fundamental interest if the optical properties of 
nanocrystalline silicon could be related to their microcrys-
talline counterpart, by comparing physically significant 
analytical parameter, such as the frequency of the involved 
oscillators, as this comparison could in fact supply insight 
into the physics of the material itself [30,31]. For this reason, 
we focussed our attention on the derivation of an analytical 
expression of the dielectric constant of microcrsytalline 
silicon, based on the numerical data available in [10], that 
are based on the original Ref. [1].  

A recent publication reports the analytical dielectric 
function of a set of samples that span from a-Si:H to µc-Si, 
obtained by PECVD under increasing hydrogen dilution (= 

parameter R) in Ref. [32]. In such reference, the sample that 
approaches at best the FG function [1] is obtained with 
R=50, and, compared with the FG function [1] has a lower 
E2 peak amplitude (see below for details) and a larger tail 
absorption, which indicates the presence of residual a-Si:H 
[32, 33]. For higher R a drop in the E1 peak is observed, that 
is attributed to free electrons associated to oxidation at grain 
boundaries [32]. For this reason the FG function is not an 
intermediate function of the set of samples of Ref. [32], and 
the analysis cannot be transfered to it. This is probably as-
sociated to the different preparation method, which, in case 
of Ref. [32] is focussed at the optimization of the technol-
ogy of PECVD deposited thin film solar cells. 

2. Calculations 
All calculations reported in this paper were performed using 
the computer program GTB-fit [34] which is designed to fit 
numerical spectral forms of refractive index with several 
analytical forms, namely, a sum of Lorentz oscillators [35], 
the modified Tauc–Lorentz model proposed by Jellison and 
Modine [36], with possibility of including a Drude and a 
Sellmeier component. The fitting is based on the minimi-
zation of the χ2 parameter or similar, and makes use of the 
minimization routine Minuit [37]. The program is also de-
signed to simulate Reflectance and Transmittance (R&T) 
spectra, using the mathematics of the computer program 
Optical, based on generalized transfer matrix method [38]. 
The program is based on the open source platform Python. 
The numerical integration is performed by using the library 
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'SciPy', a Python extension for scientific calculations. 

3. Method 
Aim of this paper is to fit the dielectric function of 
fine-grained (FG) microcrystalline silicon of Ref. [1], 
where it is indicated as p-Si:ud, also available in [10] in 
tabular form. In the following, it will be referred to as FG.  

The dielectric constant of solids can often be repre-
sented by a sum of analytical functions, normally harmonic 
oscillators, that are characterized by amplitude, energy, and 
broadening. The different functions do not necessarily re-
flect the singularities in the density of states, as the mac-
roscopic dielectric function can be regarded as an integra-
tion over k space, which gives rise to somewhat dispersed 
absorption bands, usually with sharper edge on the low 
energy side, corresponding to the direct band gap. The fit-
ting functions are therefore normally chosen basing on best 
fit criteria. 

The imaginary part of the harmonic oscillator never 
vanishes. As a consequence the harmonic oscillator model 
fails to describe the drop of absorption around and below 
the energy gap [39]. This is a well known problem which 
has been addressed by a number of researchers. Several 
alternatives have been proposed, in particular for the case of 
amorphous materials. One option is the Tauc-Lorentz 
model, that is based on the validity of constant momentum 
approximation of the matrix element, and was proposed by 
Jellison and Modine [36]. In such model, the contribution of 
a single Lorentz oscillator is multiplied by the Tauc joint 
density of states. The model was successively widely ap-
plied, mainly to amorphous materials, and further devel-
oped by many authors [30,40-41]. 

Another method to achieve independent control of the 
low absorption region is to replace the constant broadening 
of the Lorentz oscillator with a Gaussian-like energy de-
pendent broadening function. This method, that is more 
suitable to describe complicated bands composed by a sum 
of oscillators, as is the case of crystalline materials or vi-
brational spectra, was originally introduced by Kim et al. in 
a very accurate but complex model [39], and was later ap-
plied to the simpler Lorentz oscillator model (G-L model in 
the following) [42,43]. The Gaussian broadening, through 
the lineshape parameter α, basically weakens the contribu-
tion of the oscillator for energies sufficiently apart from the 
oscillator energy, and allows accurate description of the 
imaginary part of the dielectric function. The main draw-
back of this model is that the real and imaginary parts of the 
complex dielectric function are no longer Kramers-Kronig 
transforms of each other, as also pointed out in Ref. [44]. To 
avoid matematically and physically incorrect results, the 
real part must be evaluated by KK numerical integration of 
the imaginary part [45].  

In this work, we make use of this combined approach, in 
which the imaginary part of the dielectric constants is de-

convoluted into a sum of G-L oscillators. The real part of 
the dielectric constant is obtained by numerical 
KK-integration of ε2. This procedure is mandatory to obtain 
a good fit of the FG data.  

The formulation used within this paper is the following: 
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where Ai, Ei, Γi are the amplitude, energy, and broad-

ening of oscillator i, and E is the photon energy. The energy 
dependent broadening parameter ΓBi is given by: 
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where αi is the lineshape parameter of oscillator i.  
The real part was numerically obtained by KK trans-

formation of ε2: 
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where P is the Cauchy principal value of the integral. 
Three different fitting procedures were attempted: 

minimization of  χ2 (eq. (4)):  
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using four oscillators, and minimization of the 
Pearson χ2 function (eq. (5)),  
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using either three or four oscillators. In the above equations, 
σ  is the standard deviation, and εM and εJ are the computed 
and FG values of the dielectric constant respectively. In all 
cases, the broadening parameter α was limited to 2, which is 
larger than the proposed maximum value 0.3 [43]. The 
value was chosen because it allows a very efficient elimi-
nation of the tails, still resulting in an absorption band 
reasonably similar to a Gaussian.  

In the following, the different procedures will be referred 
to as X4, P3, and P4 respectively. In case X4, in the absence 
of information on standard deviation of original data, the 
arbitrary value 0.1 was chosen, that, being constant, does 
not affect the result of the minimization. As we will see, the 
choice of the minimization function brings about substantial 
differences. Results obtained using two oscillators, as well 
as  using constant-broadening Lorentz oscillators, supplied 
a poor fit and are not reported.  
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Fig. 1. (color online) a,b,c: result of the simulation. Sym-
bols: FG data. Bold (blue) line: ε2 computed P3 (a) P4(b) or 
X4 (c) minimization procedure. The deconvolution into 
separate oscillators is also plotted in each figure (thin lines). 

 

 

Fig. 2. (color online) – Real part of the dielectric constant of 
FG data, and data obtained from P3, P4, and X4 fitting 
procedure. 

 

Table 1. Fine-grained microcrystalline silicon: Amplitude, energy, broadening, and lineshape parameter of oscillators for 
ftting models P3, P4, X4. The parameters are valid in the spectral region 1.2 to 5.5 eV. 

 
 
Oscillators 

A E 
eV 

Γ 
eV 

α 

 
P3 

 

1 3.7982 3.5246 0.6188 0.3113 
2 8.3392 4.1334 0.9917 0.3163 
3 4.6918 5.9392 3.1062 1.5386 

 
P4 

 

1 1.9130 3.4688 0.4204 0.2038 
2 4.9670 3.7414 0.9896 0.6640 
3 5.9781 4.1891 0.9177 0.2571 
4 5.2268 5.8243 3.3575 1.6018 

 
X4 

 

1 1.3376 3.4414 0.3031 1.2711 
2 5.5329 3.6724 0.8993 0.5341 
3 5.5297 4.1890 0.8507 0.2459 
4 5.9170 5.6635 3.6377 1.9999 

4. Results 
Fig.1 reports the FG ε2 data, and the results of the fitting 
procedures. The deconvolution into separate oscillators is 
also plotted. The ε1 data obtained from Kramers-Kronig 
numerical integration (Eq (3)) are reported in Fig. 2. The 
figures shows a good fit in all cases. The parameters of all 
oscillators are reported in Table 1.In all cases, an oscillator 
in the UV, with energy out of the data spectral range, is 
needed, to account for the asymetrical shape of the absorp-
tion band, and can be regarded as a reminescence of the E1

' 
critical point in c-Si [46]. Different parameters for such 
oscillator are likely to be found if spectral data that expand 
further in the UV are available.  

The 3-5 eV absorption band can be succesfully simu-
lated with two additional oscillators (case P3) for a total of 
12 parameters. The oscillator at lower energy reflects the 
energy position of the E0' and E1 transitions, both smeared 
out [47] similarly to what occurs in partially amorphized 
c-Si [48], or c-Si at high temperature [46]. The energy of 
this oscillator is somewhat higher than that previously used 
as fixed parameter in the literature (3.36 eV in the analysis 
of Ref. [32]), probably as a consequence of the symmetry of 
the oscillators in our case, and compares with 3.38 eV found 
for c-Si [49]. The oscillator at higher energy reflects the E2 
critical point, moved to a somewhat lower energy with re-
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spect to the c-Si case [47]. The feature is attracting, because 
the physical significance of the model is maintained. Using 
four oscillators (case P4, 16 parameters) results in a de-
crease of χ2 from 1.1E-2 to 9.3E-5. In this case, the Eo’ E1 
band is resolved into two oscillators, however, it is probably 
speculative to invoke a direct quantitative correlation with 
transitions at the critical points. The amplitude of the os-
cillator at E2 is reduced. The X4 case supplies an equally 
good fit, however differently distributed over the spectrum. 
To make this point clear, an enlargement of ε2 in the low (a) 
and high (b) absorption regions is reported in Fig. 3. The P4 
case minimizes not the sum of the squared residuals, but the 
squared residuals divided by the expected values. In this 
way, more weight is given to the low absorption region. In 
fact, Fig. 3 shows that a better fit is obtained using P4 in the 
2-2.5 eV region, whereas X4 gives the best fit in the high 
absorption region.  

The result is also visible in Fig. 4, where all errors and 
relative errors are reported. A spike in δε1/ε1 occurs at the 
energy at which ε1 vanishes. Smaller errors are detected for 
the P4 rather than the P3 case, which justifies the choice of 
four oscillators (16 parameters). 

 

Fig. 3. (color online)– Enlargement of the result of the fit-
ting procedures on ε2, on the low (a) and high (b) absorption 
region. 

 

Fig. 4. Errors and percent errors in the dielectric constant 
determined using three (symbols) and four (line) oscillators. 

Case X4 shows smaller errors compared to P4, however, 
a relative error as high as 10% is detected in the low ab-
sorption region (2 to 2.6 eV, see Fig. 4d. How this affects 
the simulation of experimental spectra will be illustrated in 
the next section. 

5. Application to elaboration of ex-
perimentally accessible data 

To verify the impact of the different cases on simulation of 
experimental data, we computed the Reflectance and 
Transmittance spectra (R&T) of 120 nm microcrystalline 
silicon on quartz, using the FG ε1,ε2 data, and the ε1,ε2 data 
obtained from the fitting procedures. We chose the R&T 
technique because it is particularly sensitive to the me-
dium-low (= around band-gap) absorption. The spectra are 
computed using the program Optical [38]. The dielectric 
function of quartz was taken from Ref. [50]. In Fig.5, three 
regions can be identified (the energy extremes are indicative, 
as they depend on thickness): the region of transparency 
(E<2 eV) where T and R are symmetrical with respect to 
50%; the high absorption (E>3 eV), where T=0; and a low 
absorption region in between, where T is partially limited 
by absorption, that is, 1-R-T is larger than the sum of the R 
and T experimental errors. In the high absorption region, the 
two R peaks are related to the ε2 critical points, whereas for 
lower absorption an interference pattern is visible, due to 
multiple reflections at the film-substrate interface. 

Fig 5 shows that the overall R&T spectrum is well re-
produced, however, the local transmittance maximum at 
2.34 eV photon energy is underestimated in case X4, see the 
enlargement in the inset. Specifically, (i.e. for thickness = 
120 nm), a δε2 = 0.13 (Fig.3), corresponding to δε2/ε2= 10% 
(Fig. 4(d)), reflects in a δT = 0.02 (Fig. 5, inset), which is at 
least a factor four larger than the best achievable experi-
mental accuracy. In fact, in the low absorption region, T is 
particularly sensitive to the imaginary part of the dielectric 
function [40]. On the one hand, this allows to accurately 
detect moderate absorption, which is of interest in specific 
applications as for instance thin film solar cells. On the 
other hand, if ε1,ε2 spectra of all involved materials are not 
known to the needed accuracy, remarkable errors can arise 
in the determination of volume fractions when the R&T 
data are elaborated in order to detect the various compo-
nents of an Effective Medium [51,52] material. An example 
is the determination of the crystallized fraction of annealed 
silicon thin films [15,53]. 
 We stress the importance of accuracy of ε2 spectra in the 
low-absorption region when determined for istance by el-
lipsometry, which is a technique that is known to perform at 
best in the high absorption region [32,40]. This is particu-
larly true if ellipsometric data are elaborated by fitting to a 
model of the dielectric function [31]. The choice for the 
dielectic function is likely to affect the results at the long 
wavelength side of the spectral range, where the small 
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values of ε2 may well risk of being underweighted in the 
overall fit, thus leading to a large relative deviation. This 
can have consequences in practical applications. We make 
the example of the top cell of a tandem photovoltaic device, 
that is designed to absorb the solar radiation in the range 1.7 
to 3 eV. A candidate material for such a device are silicon 
nanodots [13,14], that, because of quantum confinement, 
are expected to have blue shifted absorption with respect to 
that reported in Fig. 1 [31]. It is evident by inspection of 
Figs. 1 and 5 that an error in the determination of the low 
absorption tail may lead to a dramatic error in the deter-
mination of the needed absorber thickness in actual 
photovoltaic devices [54]. 

 

Fig. 5. R&T spectra of 120 nm fine grained microcrystal-
line silicon on quartz, computed using the FG, P3, P4, and 
X4 dielectric constants. The region of interest is enlarged in 

the inset. 

Finally, one may argue that, if precise values of low 
absorption are to be determined, the fit could be done di-
rectly on R&T. However, as the transmittance is zero at 
short wavelengths, this reduces the useful energy spectrum 

for the minimization. The spectrum can be extended in the 
blue by decreasing the thickness, but this directly reduces 
the sensitivity of T on absorption.  

6. Summary and Conclusions 
In summary, we present an analytical description of the 
imaginary part of the dielectric function of fine grained 
microcrystalline silicon [1], obtained using either three or 
four Oscillators with Gaussian broadening. Slightly dif-
ferent results are obtained using different fitting procedures. 
The X4-four oscillator model gives substantial agreement to 
the original data in the high absorption region, whereas 
superior performance in the moderate absorption region is 
obtained using the P4 model. The impact of the obtained 
differences, and, more in general, of the accuracy of ε2 at 
long wavelengths, on the elaboration of experimentally 
accessible spectrophotometric data, is discussed. Only 
moderately reduced accuracy is obtained using the P3-three 
oscillator model, with the advantage of a lesser number of 
parameters (twelve), yet retaining their physical signifi-
cance. This is probably the best starting point for the 
evaluation of the experimental spectra of advanced silicon 
based nanostructured materials, as is the case of silicon 
nanocrystals. 
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